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The exam set consists of 15 pages.
Appendix: Equation summary

Allowed aids: None.

Please check that the exam set is complete before answering
the questions. Fach problem counts for 25% of the final score.
Note that the exam may be answered in either Norwegian or
English, even though the text is in English.



Problem 1 — Background questions

Answer each question with three or four sentences.

a) Write down the Boltzmann equation on schematic form,
and expand the left-hand side into partial derivatives using
x, p, p and t as free variables. Why can we neglect the term
depending on p?

b) What is the physical interpretation of the conformal time,
n?
c) What is the main difference between dark matter and baryons?

d) How does inflation solve the so-called isotropy problem?

e) During tight coupling we neglect all photon moments ex-
cept ©p, ©; and ©y. Why can’t we neglect also ©; and
O97

f) Why is the position of the first peak in the CMB power
spectrum a sensitive probe of the total density of the uni-
verse? (Explain with a drawing if you think that is useful.)



Problem 2 — Recombination and the electron fraction
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Figure 1: Left: The electron fraction as a function of redshift. Right: The
visibility function, g.

The CMB field we observe today is to a very large extent
created during the recombination epoch, when electrons and
protons combined into neutral hydrogen. In order to understand
this period quantitatively, it is necessary to know the electron
fraction as a function of time, and we have in fact computed this
during the course work, and the result is shown in the left panel
of Figure 1. The right panel shows the corresponding visibility
function, g.

a) As seen in the plot of X, above, it is possible to define
more or less three redshift ranges for the electron fraction,
namely z > 1500, 1500 > z > 750 and z < 750. Explain
this behaviour.

b) As long as X, > 0.99 we used the Saha equation

X2 1 (mD\" g
1-x., m\ 27 ) © (1)
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to solve for X,, which basically is the Boltzmann equation
applied to the process e+p <+ H +~. But it does not apply
always. What requirement(s) must be fulfilled in order for
the Saha equations to hold?

c) At some stage one has to switch from the Saha equation
the more accurate Peebles equation,

dX. C(Ty)
de

BT - X) = nga®(@)XE] . ()

This describes recombination to the first excited hydrogen
state (n = 2), not to the ground state (n = 1). Why is
recombination to the ground state not relevant in our case?

d) What is the physical interpretation of the visibility func-
tion? Why is it zero at x < —87 Why is it zero at x > —57

Problem 3 — The Einstein equations

One of the most central parts of AST5220 is to derive and
solve the linear Boltzmann-Einstein equations. In this problem
we will therefore derive the first Einstein equation, precisely like
we did in the lectures.

Before we start the real work, we have to choose a gauge,
and we decided to adopt the conformal Newtonian gauge for
our studies,

ds* = —(1 +2W)dt* + a®(t)(1 + 2®)(da® + dy? + dz?).  (3)



Here ® is the Newtonian potential and ® is the curvature po-
tential.

a) Given this metric, the first step is to derive the Christoffel
symbols. The only non-zero Christoffel symbols are

Fgo - ‘I’,O ( )
ng - F?o = ik; ¥ ( )
IV, = 6ija*[H + 2H(® — V) + O g (6)
F00 - ﬁq’ (7)
Iy =T = 6;(H + ) (8)

;'k = iD®[0i;kr + dirk; — djiki 9)

Derive the expressions for I'); and sz

b) The next step is to compute the Ricci tensor, which in
general reads

Ry =T%,,—T0,, + T8I0, — T4, (10)

J157%" po,v

The 0z-component of this tensor is zero, while the ¢j-component
is

Rij = 0;[(2a°H? + ad)(1 + 2® — 2W)+
a?H(6® — U ) + a®® g + k*®] + kik;(® + ).

But what is Ryy? As a help on your way, I will let you know
that

2

T, i = —V, Fgﬁrgo =Tl =3HU . (11)
a

You do not have to show this.
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c¢) Third, we have to compute the Ricci scalar, R = R =
9" R, = g"Roo + ¢" R;;. This is rather ugly, since there
are quite a lot of terms involved, and we won’t spend time
on it here. Instead, we just write down the final expression,
including only first-order terms,
a. 2k? k2
OR = —12U(H?+—)+— V46D go— 6 H (V —4D o) +4—
a’  a a
Using this expression and the results derived above, show
that the first-order contribution to the Einstein tensor is

d) To complete the Einstein equation,
6GY = 8mT)

we need an energy-momentum tensor on the right-hand
side. You will not be asked to derive this, but only describe
qualitatively what goes into it: Which components are the
bare minimum we need to include in order to obtain a phys-
ically relevant power spectrum, ie., one that looks qualita-
tively similar to the current ACDM spectrum? Which of
these components was most important at very early times,
at © = loga ~ —10, and why?

Problem 4 — Line-of-sight integration

A crucial part in speeding up a Boltzmann code is to change
from direct integration of the Boltzmann-Einstein equations to
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a smarter approach, called “line-of-sight” integration. In this
problem, we will derive the expression for the transfer function
©;(k) in terms of the source function.

Before we begin, let us review some relations concerning the
Legendre polynomials, P;(u), that you may or may not find
useful in the following:

. 20+ 1
IR
ite) = 55 [ e R
vJ
Z'l 1
fi=3 1 f() Pi(p)dp

Here j;(z) is the spherical Bessel function of order [, and f(u)
is an arbitrary function defined between -1 and 1.

Also, note that in the following, " means derivative with re-
spect to conformal time.

a) First, from an coding point of view, why does one obtain
such a large speed-up with the line-of-sight integration ap-
proach compared to direct integration?

b) In a few sentences, explain what the main physical differ-
ence is between the line-of-sight integration and the direct
solution approaches.

¢) The starting point of the line-of-sight integration method is
the Boltzmann equation for photons before expanding into
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multipoles,
O + ikp® + O + ikpl = —7[0) — O + puy),

where © = O(k, 1, 1) and p is the angle between the photon
propagation direction, p, and the wave vector, k. Define

S=—b—ikpl — 7[0) + vy,

and show that equation can be formally solved to obtain an
expression for the photon amplitude observed today given

by

Mo _
O(no, k, 1) = / et~ dy),
0

(Note that we have dropped a quadrupole/polarization term
in this expression, in order to keep things simple(r).)

d) Assume that S does not depend on g (in this sub-problem
only). Show that in this case

O1(m. k) = (~1) Se " ilk(n — mo))dn,

where ©;(n, k) are the multipole expansion coefficients of
O(n, k, p).

e) (Hint: This sub-problem is the toughest in the exam set.
Don’t spend all your time on getting this right, but rather
do it after finishing up the other problems.) In reality, S
does of course depend on u, and this have to be taken into
account in the expression in c¢). The easiest way of doing
this is by noting that S is multiplied with e®#(1—m) and p
and k(n — ny) are therefore Fourier conjugate (just like k

and x). This allows us to set

1
R ik dn



everywhere 1 appears in S, just like we can set ik — d /dx
in a standard Fourier transformation.

Use this to show that the full solution for the transfer func-
tion is

Oulm. ) = [ " Sk, )ik (0 — ),

where

ool -2 (o)

(Hint: You may need your old knowledge about integration-
by-parts to get this right :-))

Introducing the visibility function, g(z) = —7e™7, the source
function can be rewritten into the form

S(k,n) = g0 + V] + % (%) e [qf . cb} |

What is the physical interpretation of each of these terms?



1 Appendix

1.1 General relativity

e Suppose that the structure of spacetime is described by
some metric g,

e The Christoffel symbols are

9" | 09w 8951/ agaﬂ
", = — 13
of 2 | 0z * ox®  Ozv (13)

e The Ricci tensor reads

Ry, =T%,,—T% ., +T%.I, —T5,Ih, (14)

v,a o,V
) )

e The Einstein equations reads

1
R, — §gWR = 87GT),, (15)

where R = RJ} is the Ricci scalar, and T),, is the energy-
momentum tensor.

e For a perfect fluid, the energy-momentum tensor is

—p 000
0 p 00
0 00 p

where p is the density of the fluid and p is the pressure.
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1.2 Background cosmology

e Four “time” variables: ¢ = physical time, n = fot a~t(t)dt
= conformal time, a = scale factor, x = Ina

e Friedmann-Robertson-Walker metric for flat space: ds?> =
—dt* + a*(t)d;;dx'dr? = a®(n)(—dn* + 0;;dx'da’)

e Friedmann’s equations:

1d
= _d—;‘ = Ho\/ (o + Q)a + Qa "+, (17)
a
1d
M = -d—a = Hor/(Qm + U)a + Qa2+ Qa2 (18)
aan

e Conformal time as a function of scale factor:

a da/
o) = [ (19)
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1.3 The perturbation equations

Einstein-Boltzmann equations:

k
@6 — _ﬁ®1 - (I)/, (20)
k 2k k 1
O =——-0)— —0y+ —V+7 |0+ = 21
T T T +T[1+3””]’ (21)
lk I+ 1)k 1
! o R A / .
0, = 2+ K -1 o+ 1)%@z+1 +7 [@z 1O@l51,2] ,
(22)
k [+1
@l—i—l ﬁ@l—l - W@[ + 7'/@[, [ = lmax (23)
§ = %U — 39’ (24)
k
(= 25
v v 7 (25)
k
(52 = ﬁf(}b - 3(1)/ (26)
k
vy = —up — ﬂ\If + 7' R(301 + wp) (27)
@':\p—k—Qq>+ig [Qna™'6 + Qua™ "0, + 4Q,a76
(28)
1212
U= —®- 106, (29)
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1.4 Initial conditions

=1
0=10, = ;(ID
V=1, = %CI)
1
Oy = §CI>
oo
2 = _1;34:7’@1
Ik
© _ZZ—JFI?'-lT’Gl*1

1.5 Recombination and the visibility function

e Optical depth

Mo
7(n) =/ neoradn’
"

;o neora
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e The Saha equation,

X? 1 (mN\Y"
1— X, m\ 21 © (42)

where nj = %L Pe = 3H T, =1, =Ty/a = 2.725K/a,

mpa3”’ 8tG?

and €y = 13.605698eV.

e The Peebles equation,

Do~ S om0 - x) = mwa®(@)x2], (43)
dx ny
where
A2s—>13 + Aa
CT(Tb) B A2s—>15 + Aa + 6(2)(7—‘5)’ (44)
Nog1s = 8.227s7 ! (45)
o (360)3
Aa = Hm (46)
nis = (1 — Xe)ng (47)
BAT) = B(T})e /4T (48)
2 meTy 32 —eo/Th
B(Ty) = o P (T}) ( = ) e~/ Ty (49)
2
(T = 25 [ (50)
d2(T}) = 0.4481n(ey/Tp) (51)
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1.6 The CMB power spectrum

1. The source function:

Sk, z) = [60 U+ i@z} e [W @] = L () + ["de (Hg(%)}
(52)
[ (Hg©2 ] HH,)”@Z +3HH' (§O2 + §O%) + H*(7"©2 + 25'0) + §O73), (53)
" __ 2k H , 3 ” , 3k H
GQ*E[_ZGIJ“@]”LE[T @2+r®]—@[—ﬁeg+®3] (54)
2. The transfer function:
0
Orlk.e =0)= [ Shx)ilkn ~ n(a))lds (55)
3. The CMB spectrum:
</ k\"! dk
C, = — 0% (k)— 56
= [ () e (56)
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